LORENTZ TRANSFORMATION DERIVATION
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  Suppose two inertial reference frames (LAB and ROCKET) have their axes and origins overlap at time t = t' = 0, where the primed coordinates (') refer to the ROCKET frame. The ROCKET frame moves along the +x-axis with speed vr relative to the LAB frame.
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In all that follows express space and time coordinates in the same units: 
meters of space and light-meters of time or light-seconds of space and seconds of time. With those coordinates, the speed of light is
c  =  1.0,
 and 





vr is a unitless fraction of the speed of light.

  Call the event of the frame origins coinciding Event 0. What are the coordinates of 
that event in the two frames, i.e. what are (x0, y0, z0, t0) and (x'0, y'0, z'0, t'0)?

  Assume that the relativity principle is true: 
All physics laws remain the same in each inertial reference frame.

  Then the following corollaries are true:

1) The speed of light in vacuum (c = 3 x 108 m/s) is invariant, 
i.e. the same value in every inertial reference frame.

2) The values of the transverse coordinates of events are invariant.

3) The spacetime interval between events is invariant.

Give arguments to show why corollary 1 is true.

Give arguments to show why corollary 2 is true.

  For corollary 3 consider the following event: 
A light flash is emitted from the origin in the ROCKET frame at Event 0. 
The light flash arrives at the point (x'1 ,  y'1 ,  z'1 = 0 , t'1) at Event 1. 
Call the coordinates of Event 1 in the LAB frame (x1 ,  y1 ,  z1 = 0 ,  t1).

Draw the path of the light flash in the LAB frame and in the ROCKET frame. 

Show           y12  =  t12 - x12 

and 

y'12  =  t'12 - x'12  

Now show                                t12 - x12  =  t'12 - x'12. 

Lorentz-Einstein Transformation Derivation:

  Assume that the transformations are linear, i.e.


x = ax' + bt'

and

t = ex' + ft' , 
where the coefficients  a,  b,  e,  f  may depend on the relative velocity of the frames (vr), but they do not depend on the spacetime coordinates. 
This ensures a one-to-one correspondence between events in the two frames.

Write the Galilean transformations and indicate the Galilean values of  a,  b,  e,  f  .

To determine expressions for  a,  b,  e,  f  , we need four equations.

1) Suppose a light flash is emitted at Event 0 in the +x-direction and detected later at 
Event A. What are the coordinates of that event in the two frames? 

Use these coordinates and the equations     x = ax' + bt'     and     t = ex' + ft'     to find a relation between a,  b,  e,  and  f  .

2) Now suppose a light flash is emitted at Event 0 in the -x-direction and detected later at 
Event B. What are the coordinates of that event in the two frames? 

Use these coordinates with the equations     x = ax' + bt'     and     t = ex' + ft'     to find a second relation between a,  b,  e,  and  f .

Combine these two relations to show that   a  =  f  and  b  =  e  .

3) The ROCKET frame origin arrives at position xC at time tC for Event C. 
What are the coordinates of that event in the two frames? How are xC and tC related?

Use these coordinates and the equations     x = ax' + bt'     and     t = ex' + ft'     to find a third relation between a,  b,  e,  and  f .

4) Combine the two equations  a  =  f  and  b  =  e  with the third relation above and a fourth relation derived from interval invariance to show that  a  =  (1-vr2)-1/2  and  b = vra .

